The magnetoelectric response of the antiferromagnetic insulator phase in a three-dimensional correlated and spin-orbit coupled system, the half-filled extended Fu-Kane-Mele-Hubbard model on a diamond lattice, is studied within the mean-field approximation. In the antiferromagnetic insulator phase, the Dirac-like low-energy effective Hamiltonian is obtained. Then the theta term, which results in the magnetoelectric response, is derived as a consequence of the chiral anomaly. The realization of the dynamical axion field in our model is discussed. A possible mechanism that generates small deviations of the value of θ from 0 or π is also discussed.
I. INTRODUCTION
A great number of studies on topological insulators have been done since the pioneering works 1,2 appeared, in the search for novel phenomena due to the topological properties of the system. The most prominent feature common to twodimensional (2D) and 3D topological insulators is the existence of the edge (surface) states which are protected by timereversal symmetry. These edge or surface states are known to be robust against perturbations. On the one hand, one of the noteworthy characters peculiar to 3D topological insulators is the magnetoelectric effect which comes from the theta term. 3 The theta term is written as
where E and B are an electric field and magnetic field, respectively. From this action, we obtain the cross-correlated responses expressed by P = θe 2 /(4π 2 c)B and M = θe 2 /(4π 2 c)E, with P the electric polarization and M the magnetization. In the field theory literature, this action is termed the axion electrodynamics. 4 There have been some theoretical studies which propose ways to detect experimentally the dynamical axion field. 5, 6 When the system is time-reversal invariant, the condition that θ = π (mod 2π) is imposed for 3D topological insulators, and θ = 0 for normal insulators. On the other hand, when time-reversal symmetry of the system is broken, the value of θ can be arbitrary. In general, the value of θ can be calculated according to the formula
where A µν j = i u µ |∂/∂k j |u ν and |u ν is the periodic Bloch function with ν the occupied bands. We can calculate θ from other equivalent expressions. [7] [8] [9] However, some techniques (such as choosing a gauge for A) are required to calculate numerically.
In systems where the single-particle Hamiltonian can be described as H(k) = 5 µ=1 R µ (k)α µ with matrices α µ satisfying the Clifford algebra {α µ , α ν } = 2δ µν , there exists an explicit expression for θ:
where i, j, k, l = 1, 2, 3, 5 and |R| = 5 µ=1 R 2 µ . Here note that only the matrix α 4 is even under time-reversal. In Ref. 5 , with the use of the expression (3) for θ, a dynamical behavior of θ, i.e. a dynamical axion field, in the antiferromagnetic insulator phase of a 3D magnetic topological insulator has been discussed. However, although the predicted effects are quite appearing, it is not clear how the interlayer antiferromagnetic order is favored in the ground state of their model which describes Bi 2 Se 3 family doped with magnetic impurities. In addition, the treatment of the antiferromagnetic order parameter is not natural from symmetry point of view. Is it possible to realize such effects in more concrete models with antiferromagnetic (or time-reversal symmetry broken) order? From this viewpoint, we started the present work.
From recent studies, the spin-orbit interaction has been revealed to be important to realize topologically nontrivial phases. On the other hand, the effects of the electron-electron interaction has been a central subject in modern condensed matter physics. Now, the interplay of spin-orbit coupling and electron correlation is a hot topic. One of the triggers is the discovery of a novel Mott insulating state in a correlated 5d electron system, which revealed that the Mott insulating state is induced by strong spin-orbit coupling. 10, 11 Recent studies have shown that novel phases, such as the quantum spin Hall insulator, 12 the topological Mott insulator, 13 the Weyl semimetal, 14 and the phase which is a condensed-matter analog of a phase in the lattice quantum chromodynamics, 15 emerge by the interplay of spin-orbit coupling and electron correlation. When probing such novel systems, it is expected that the magnetoelectric response plays an important role.
In this paper, we study the magnetoelectric response of the antiferromagnetic insulator phase in a 3D correlated and spinorbit coupled system, the extended Fu-Kane-Mele-Hubbard model on a diamond lattice at half-filling, within the meanfield approximation. We take into account the short-range electron-electron interactions, on-site and nearest-neighbor repulsive interactions. Non-interacting Fu-Kane-Mele model on the diamond lattice is known as a model for a 3D topo- logical insulator. 18, 19 In the Fu-Kane-Mele model, the Dirac Hamiltonian can be derived around some time-reversal invariant momenta in the first Brillouin zone. We show that we can also derive the Dirac Hamiltonian in the antiferromagnetic insulator phase of the interacting Fu-Kane-Mele model. Then based on the Fujikawa's method, 16, 17 we obtain a low-energy effective model, the theta term, as a cosequence of the chiral anomaly. We discuss the realization of the dynamical axion field in our model. We also discuss a possible mechanism that generates small deviations of the value of θ from 0 or π.
II. MODEL
Let us consider a 3D lattice model with electron correlation and spin-orbit coupling. The model we adopt is the extended Fu-Kane-Mele-Hubbard model on a diamond lattice at halffilling, in which the Hamiltonian is given by H = H 0 + H int with the non-interacting part
and the interaction part
where c † iσ is an electron creation operator at a site i with spin σ(=↑, ↓), n iσ = c † iσ c iσ , n i = n i↑ + n i↓ , and a is the lattice constant of the fcc lattice. The first and second terms of H 0 represent the nearest-neighbor hopping and the nextnearest-neighbor spin-orbit coupling, respectively. d freedom. The first and second terms of H int describe the onsite and nearest-neighbor replusive electron-electron interacions, respectively. The lattice structure of a diamond lattice is shown in Fig. 1 
(a).
It is convenient to express the non-interacting part H 0 of the Hamiltonian in terms of the 4×4 alpha (gamma) matrices. The diamond lattice consists of two sublattices (A and B), with each sublattice forming a fcc lattice. In such a case, we can define the basis c k ≡ [c kA↑ , c kA↓ , c kB↑ , c kB↓ ]
T where the wave vector k is given by the points in the first Brillouin zone of the fcc lattice [see Fig. 1(b) ]. Then the single-particle
where the coefficients R µ (k) are given by
(1, 0, 1) and a 3 = a 2 (1, 1, 0) being the primitive translation vectors. In the following, we set a = 1. The alpha matrices α µ are given by the chiral representation:
where j = 1, 2, 3. In the present basis, the time-reversal operator and spatial inversion (parity) operator are given by T = 1 ⊗ (−iσ 2 )K (K is the complex conjugation operator) and P = τ 1 ⊗1, respectively. We have introduced the hopping strength anisotropy δt 1 due to the lattice distortion along the [111] direction. Namely, we have set such that t ij = t + δt 1 for the [111] direction, and t ij = t for the other three directions. When δt 1 = 0, the system is a semimetal, i.e., the energy bands touch at the three points X r = 2π(δ rx , δ ry , δ rz ) (r = x, y, z). Finite δt 1 opens a gap of 2|δt 1 | at the X r points, and it is found from the Z 2 invariant that the system is a topological insulator (normal insulator) when 0 < δt 1 < 2t (δt 1 < 0). Note that in this paper we do not distinguish a weak topological insulator from a normal insulator.
Let us look at closely H 0 (k) around the X r points. Setting k = X r + q and retaining the terms up to the order of q, we obtain the low-energy effective Hamiltonian around each X point: 18, 19 
These are so-called the Dirac Hamiltonian. As mentioned above, we see that the system is gapless when δt 1 = 0 and nonzero δt 1 is regarded as the mass of the Dirac quasiparticles. At each X r point, one of the three components which originate from spin-orbit coupling R r (k) disappears and instead R 5 (k) compensates for the q r -dependence of the effective Hamiltonian.
III. MEAN-FIELD PHASE DIAGRAM
Mean-field approximation.-Let us perform the mean-field approximation to the interaction term and derive the meanfield Hamiltonian of the system. First we consider the spindensity wave (SDW) instability. To do this, we take into account only the on-site interaction H U = U i n i↑ n i↓ . We aproximate H U as
(10) Due to the spin-orbit coupling, the spin SU(2) symmetry is broken and the orientations of the spins are coupled to the lattice structure. We see that the low-energy non-interacting Hamiltonians (9) are symmetric for three k-directions. Thus it will be natural to assume the antiferromagnetic configuration along the [111] direction as
where S i µ = 1 2 c † i µα σ αβ c i µβ (µ = A, B) with i denoting the i -th unit cell. As we shall see below, this spin configuration opens a energy gap simultaneously at the three X points, i.e., lowers the energy of the system. Also from this point of view, the assumption above can be justified. Then after a calculation, we obtain
and
where N is the number of the unit cells and k takes N points in the first Brillouin zone of the fcc lattice. This equation means that the on-site interaction term has the same matrix form as the spin-orbit interaction term in the mean-field level. A similar result has been obtained in the Kane-Mele-Hubbard model on a honeycomb lattice. 20 Here we have omitted irrelevant constant terms in Eqs. (12) and (13) . Finally combining Eqs. (6), (12) and (13), the mean-field Hamiltonian of the system is given by
The free energy at zeto temperature for the SDW instability is readily obtained as
Next we consider the charge-density wave (CDW) instability. To do this, we aproximate the interaction term H int = U i n i↑ n i↓ + i,j V ij n i n j as
where we have neglected the interaction strength anisotropy due to the lattice distortion for simplicity, i.e., we have set V ij = V . This does not change the resulting phase diagram qualitatively. We assume a charge imbalance between the two sublattices such that n i Aσ = (1 + ρ)/2 and n i Bσ = (1 − ρ)/2. Then the mean-field Hamiltonian H int is obtained as
where N is the number of the unit cells and k takes N points in the first Brillouin zone of the fcc lattice. Combining Eqs. (6) and (17), we obtain the mean-field Hamiltonian of the system. The matrix τ 3 ⊗ 1 is different from the alpha matrices α µ , and thus the free energy for the CDW instability is a little complicated but can be obtained analytically as
where
-To obtain the mean-field phase diagram, we minimize the free energies (15) and (18), and then compare them. The phase diagram for λ/t = 0.2 and δt 1 /t = −0.4 is shown in Fig. 2 . The phase diagram for the positive δt 1 is qualitatively the same as Fig. 2 . It was found that the transition from the topological insulator (or nornal insulator) phase to the SDW phase is of the second-order, and that the transition from the topological insulator (or nornal insulator) phase to the CDW phase is of the first-order. Positive values of m were found to be the ground state when λ > 0. For the purpose of this study, that we derive the theta term in a time-reversal symmetry broken phase, we focus on the SDW phase in the following.
IV. MAGNETOELECTRIC RESPONSE OF THE ANTIFERROMAGNETIC INSULATOR PHASE
Low-energy effective model.-Let us investigate the properties of the SDW phase, namely the antiferromagnetic insulator phase. When U m 2λ, we can derive the Dirac Hamiltonian around theX r points which are slightly deviated from the X r points:
, and
. We see from Eq. (19) that our assumption of the antiferromagnetic configulation along the [111] direction is justified because a nonzero m opens a gap simultaneously at theX r points, i.e. lowers the energy of the system. When U m is not small compared to 2λ, it is not apparent that the Dirac Hamiltonian can be derived. Thus in the following, we assume that U m is small, although it is expected that the momentum points around which the Dirac Hamiltonians can be derived exist even when U m is not small.
Let us analyze Eq. (19) . The important point is that all the five alpha matrices which anticommute with each other are used. To be specific, let us first consider H(X x + q). We can redefine the alpha matrices because the representation of the matrices is arbitrary. Redefining such that α 5 → α 1 , α 3 → −α 3 , and α 1 → −α 5 (α 5 = α 1 α 2 α 3 α 4 ) for the alpha matrices, and tq x → q x , 2λq y → q y , and 2λq z → q z for the wave vector, we obtain
In the same manner, H(X y +q) and H(X z +q) can be rewritten as
We see that all the three effective Hamiltonians above are equivalent. Hence we can regard the Dirac quasiparticles around theX r points as the quasiparticles of the same kind with three flavors.
The theta term.-Here we derive the theta term in the antiferromagnetic insulator phase, in the same way as that of 3D topological insulators is derived. From the discussion above, we can write down the effective (Euclidean) action of the Dirac quasiparticles interacting with the electromagnetic field A µ as
, and we have used the fact that α 4 = γ 0 , α 5 = −iγ 0 γ 5 and α j = γ 0 γ j (j = 1, 2, 3). The subscript f denotes the flavor. Here we have considered the case with δt 1 < 0.
We follow the standard method (Fujikawa's method) 16, 17 and write down a calculation briefly in what follows. Let us consider a infinitesimal chiral transformation for each flavor:
where φ ∈ [0, 1]. The theta term is generated as a consequence of the chiral anomaly after the transformation. The partition function is transformed as
(24) The integrands in Eq. (22) is transformed as
Then defining the Jacobian J which is induced by the chiral transformation for each flavor
and the Jacobian is calculated to be 16, 17 
Here F µν = ∂ µ A ν − ∂ ν A µ and we have written and c explicitly. We repeat this procedure infinite times, i.e., integrate the exponent of Eq. (26) over the variable φ from 0 to 1. Then we obtain
where S NI is the action which represents the normal insulator phase in the present case:
This is because the system with negative mass of the Dirac quasiparticles is identified from the Z 2 invariant as a normal insulator. S θ is the theta term in the Euclidean spacetime,
After dropping the irrelevant surface term [the second term of the exponent in Eq. (29)], we obtain the total action of the system as S AFI = S NI + S θ . Actually S θ is also a surface term, since we can rewrite as µνρλ
However, we are now interested in the magnetoelectric response of the system. Thus we denote the total action as above. Rewriting the theta term (31) in the real time (t = −iτ ), we obtain Eq. (1). The value of θ in the antiferromagnetic insulator phase is given as θ = 3κ = 3 tan −1 (U m/|δt 1 |). It is known that θ = π (mod 2π) in 3D topological insulators and is θ = 0 in normal insulators. However, θ can be arbitrary between 0 and π if time-reversal symmetry of the system is broken. In the same manner as above, we can obtain the value of θ in the case with δt 1 > 0. Combining both cases, θ is written as
where the condition that U m 2λ is required. The region where the value of θ becomes nonzero in the case of λ/t = 0.2 and δt 1 /t = −0.4 is given in Fig. 2 .
V. DISCUSSIONS
First we compare our analytical result for the value of θ, Eq. (32), with an exact numerical value calculated by Eq. (2) . A numerical study on the value of θ in the FuKane-Mele model on a diamond lattice 7 indicates the relation θ ∝ tan −1 (U m/|δt 1 |) when (U m/|δt 1 |) is small. Thus our result is in qualitative agreement with the exact numerical result. From our analytical result θ = 3 tan −1 (U m/|δt 1 |), it is found that θ → 3π/2 in the limit (U m/|δt 1 |) → ∞. The numerical study shows that θ do not have the tan −1 (U m/|δt 1 |) dependence when (U m/|δt 1 |) is large, and that θ takes some value between 0 and π in the limit (U m/|δt 1 |) → ∞. 7 This suggests that our analytical result is considered not to be valid when (U m/|δt 1 |) is large, i.e. U m is large.
We have neglected the coefficients of the wave vector when deriving the low-energy effective Hamiltonian [Eqs. (20) and (21)] for simplicity. Taking them into account will give more appropriate value of θ. The difference between our result and the exact numerical result in the region where U m is not small can result from that (i) the other contributions to θ becomes important and unignorable as U m becomes larger, and (ii) it might become impossible to derive the Dirac Hamiltonians around the X points as U m becomes larger.
It should be noted that the theta term is derived only in odd spatial dimensions. In the Kane-Mele-Hubbard model on the honeycomb lattice at half-filling, which is a two-dimensional analog of the Fu-Kane-Mele-Hubbard model, the antiferromagnetic insulator phase is also realized. [20] [21] [22] [23] [24] However, the magnetoelectric response which results from the theta term does not appear in the model.
Let us consider briefly the dynamical behavior of θ, the dynamical axion field, discussed in Ref. 
This equation suggests that the dynamical axion field can be induced by the fluctuations of the spins, and is similar to the result in Ref. 5 . Therefore, novel effects which originates from the dynamical axion field are also expected in our model. Finally we would like to mention a possible mechanism to generate small deviations of the value of θ from 0 or π. In a numerical study on the value of θ in a 3D topological insulator, it was suggested that θ remains π even when the strength of a time-reversal symmetry breaking term, which is different from γ 5 (namely α 5 ), is not weak. 25 This result indicates that not all time-reversal symmetry breaking terms can generate deviations of θ from 0 or π which become large as the strengths of the symmetry breaking terms become large. The present study shows that our analytical value of θ is in qualitative agreement with an exact numerical result when the coefficient of γ 5 is small compared to the usual mass of the Dirac fermions. We consider that the γ 5 term plays an important role to generate small deviations of θ.
VI. SUMMARY
In summary, we have studied the ground state and the magnetoelectric response which is described by the theta term, in the extended Fu-Kane-Mele-Hubbard model on a diamond lattice at half-filling, within the mean-field approximation. The mean-field ground state phase diagram was presented. It was found that the transition from the topological insulator (or normal insulator) phase to the antiferromagnetic insulator phase is of the second-order. We obtained the Dirac-like low-energy effective Hamiltonian in the antiferromagnetic insulator phase. Then we derived the theta term by following the Fujikawa's method. We have proposed a concrete model to describe the axion electrodynamics in the antiferromagnetic insulator phase. The dynamical axion field can be induced by the fluctuation of the order parameter. In our model, both spinorbit coupling and electron correlation are essensial to realize the dynamical axion field. It is expected that our way to derive the theta term reveals a major contribution to the value of θ, when the deviation of θ from 0 or π is small. We consider that the existence of the γ 5 term is important to generate the deviation.
